Abstract. We theoretically and numerically investigate metal enhanced fluorescence of plasmonic core-shell nanoparticles doped with rare earth (RE) ions. Particle shape and size are engineered to maximize the average enhancement factor (AEF) of the overall doped shell. We show that the highest enhancement (11 in the visible and 7 in the near-infrared) are achieved by tuning either the dipolar or quadrupolar particle resonance to the rare earth ions excitation wavelength. Additionally, the calculated AEFs are compared to experimental data reported in the literature, obtained in similar conditions (plasmon mediated enhancement) or when a metal-RE energy transfer mechanism is involved.
Introduction
Rare earth (RE) ions are widely studied for numerous optical applications such as solar cells [1] , optical amplification, biolabelling [2] but also photodynamic therapy of cancer [3] . Although they present high quantum efficiencies, they could suffer from low absorption cross-section [4] (around 10 −20 cm 2 ) so that metal enhanced fluorescence (MEF) has been proposed to improve their emission properties.
Metal enhanced spectroscopies rely on the excitation and/or emission exaltation by coupling emitters to a plasmonic particle. This has been extensively studied, notably for Tip-or Surface-Enhanced Raman Scattering (TERS/SERS) [5] or dye fluorescence enhancement [6, 7] . Practically, the highest signal enhancement is achieved for low initial absorption cross-section and quantum yield, since both excitation and emissions processes are enhanced. Sun et al described SERS as photoluminescence enhancement in the limit of null initial absorption cross section and quantum yield [8] . Therefore, SERS presents the highest enhancement (up to 10 6 ) [9] whereas MEF is typically of few tens only [10] . Nevertheless, the results achieved for dye molecules cannot be directly transposed to rare-earth ions which present extremelly low absorption cross-section but quantum efficiency close to unity on the contrary to dyes which present high absorption cross-section, and generally lower quantum efficiency. In addition, it is worthwhile to note that lanthanides luminescence is also extremelly sensitive to the surroundings so that identifying the role of plasmon is a difficult task.
A large number of works, mainly experimental [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] , but also theoretical [23, 24, 25] , have been realized in order to probe the possibility to enhance optical properties of rare earth ions placed near metal nanoparticles. Some recent works have highlighted that gold or silver metal nanoparticle could change the selection rules of rare earth ions emission [16, 26] but the localized plasmon contribution remains in discussion. Indeed, it is very difficult to separate respective roles of plasmon and energy transfer in the observed enhancement of RE ions luminescence [27] . Plasmon mediated enhancement relies on antenna effect that increases the excitation field and/or radiative emission rate [28] , whereas energy transfer is a dipole-dipole Förster-like mechanism between the metal nanocrystal (donor or sensitizer) and RE ions (acceptor) [11] . It has been observed that energy transfer is at the origin of luminescence enhancement near small gold and silver clusters composed by few atoms (crystal size of few nm) [27, 29] . However, larger metal particles (typically few tens of nm) are generally preferred for plasmon-enhanced fluorescence [14, 18, 19, 20, 22] . Recently, Ma et al measured 3-fold and 24-fold enhancement factor for Eu 3+ doped silver core-shell nanoparticles with 20 nm core/15 nm shell and 9 nm core/11 nm shell, respectively [15] . However, they used λ exc = 260 nm excitation wavelength far from the dipolar resonance so that we think that the enhancement mechanism is different from plasmon enhanced spectroscopy and most likely originates from energy transfer. Two others groups reported 3 fold enhancement for Eu 3+ ions coupled to about 30 nm silver particles when excited close to the silver dipolar resonance [19, 22] . In a former work, Malta and Couto dos Santos have made a rough estimation of the possible emission enhancement for Europium ions doped glasses containing silver nanoparticles [23] . They estimated up to 50-fold maximum local enhancement factor for 30 nm silver particles but not conclude about the global enhancement of the overall doped shell.
The purpose of this work is to theoretically determine and optimize the plasmon contribution to the luminescence enhancement in plasmonic nanoparticle doped with lanthanides. Particular attention is devoted to describe an ensemble of rare earth ions coupled to a metallic nanoparticle instead of single emitter coupled to one particle as generally done since we are interested in the optical response of the whole doped nanostructure. In a first time, we investigate the role of the localized plasmons supported by the nanoparticle and determine the optimal particle resonance position compared to the emitter absorption and emission peak. To this end, we define in section 2, the average fluorescence factor for a doped plasmonic core-shell particle of arbitrary shape. For comparison purpose, we illustrate the enhancement mechanism by considering a laser dye, namely the Rhodamine 6G (Rh6G) coupled to a spherical metal particle [30] . In a second time, in section 3, we investigate the fluorescence enhancement for rare earth ions emitting in the visible or the near infrared and placed in the shell of core-shell particles with metal core. We will thus estimate the achievable plasmonic enhancement.
Surface enhanced fluorescence
In this section, we derive a general expression for the average fluorescent enhancement factor (AEF) near a metal particle. To this aim, we extend the work of Liaw et al [31] to an arbitrary geometry. We first derive a closed form expression of the enhancement factor α(r) for randomly oriented emitters near a metal particle. AEF is then achieved by numerically averaging α(r) over the doped shell volume.
Enhancement factor of randomly oriented emitters
Let us first consider a single fluorescent system with a transition dipolar moment of arbitrary orientation p = p 0 (sin α cos β, sin α sin β, cos α) and intrinsic quantum yield η 0 . If the incident field is E 0 , the fluorescent signal in absence of plasmonic particle is p 2 0 |E 0 | 2 η 0 . The plasmonic particle modifies:
• the excitation rate π(r, ω exc ) = |p · E(r, ω exc )| 2 /p 2 0 |E 0 | 2 where E(r, ω exc ) refers to the excitation field at the emitter location r and excitation angular frequency ω exc
• and the emitter quantum yield η(r, ω em ) = γ rad /(γ rad +γ N R ) at the emission angular frequency ω em .
As an example, we present on Fig. 1 the excitation and decay rates calculated for an emitter close to gold or silver beads. The emitter is perpendicular to the particle surface since stronger effects are expected for this orientation. The excitation and radiative rates follow the dipolar plasmon mode dispersion for small particle diameters. Large particles Figure 1 . Excitation (left), radiative (middle) and non-radiative (right) rates near a metal spherical particle as a function of wavelength and particle diameter D. Top (bottom) line refers to gold (silver) particle. The dipolar emitter is located 5 nm from the particle surface and perpendicular to it. The optical index of the embedding matrix is n=1.5. Metal dielectric constant are taken from Johnson and Christy [32] . support a leaky quadrupolar mode so that the radiative rate couples to this mode. Note that the excitation rate weakly follows the quadrupolar mode dispersion since the emitter is not located on a mode lobe. Finally, the non radiative rate originates from coupling to high order modes so that it presents a flat dispersion curve [33] . The low order modes are well-separated in case of a silver particle due to lower losses (compare the non radiative rate near gold and silver structures). Last, we observe that the dipolar plasmon resonance can be tuned from λ = 525 nm (well-defined resonance) to λ ≈ 900 nm (large resonance) for gold beads diameters varying from D = 10 nm to D = 200 nm. For silver nanoparticles diameters between 10 nm and 100 nm, the dipolar resonance wavelength varies from λ = 400 nm to λ = 530 nm.
Finally, both the excitation and emission rates depend on the emitter location and orientation in presence of plasmonic nanostructures. The enhancement factor expresses
In case of arbitrary orientation, the quantum yield expresses [34] 
+ sin 2 α cos β sin β η xy + sin α cos α cos β η xz + sin α cos α sin β η yz ,
) is the quantum yield associated to the i-orientation (i=x,y or z). η ij (i,j=x,y or z) refer to crossed-terms that have to be considered for oblique dipole moments (see Refs. [34, 35] for details). Assuming randomly oriented emitters at location r, we calculate the mean enhancement factor over all the possible orientations
where the factor 3 ensures a unit enhancement factor for isolated emitters excited with a linearly polarized field. Interestingly enough, the integration over the dipole orientation is analytical. After a few algebra, we achieve
It is also useful to derive this expression in spherical coordinates r = (r, θ, φ). With subscripts // and ⊥ indicating an orientation parallel or perpendicular to the particle surface, it writes
that leads to an analytical expression for (homogeneous, core-shell or onion-like) spherical particles, thanks to Mie expansion [36, 37] . In the following, α(r, ω exc , ω em ) is referred as the local fluorescence enhancement. Fluorescence enhancement near a silver particle for randomly oriented molecules. a) As a function of the particle diameter and dye-particle distance (the molecules are along the incident field polarization axis). b) Near a 80 nm silver particle. The excitation and emission wavelength are λ exc = 532nm and λ em = 560nm, respectively. The embedding medium is PMMA (optical index n = 1.5). c) Extinction efficiency of a 80 nm silver particle.
Obviously, the choice of the particle size, shape and material depends on the fluorescent system. In case of dye molecules, with a low Stokes shift between the absorption and emission wavelength, the most efficient fluorescent enhancement is achieved when the particle dipolar resonance overlaps both the excitation and emission wavelengths [10, 38] . For instance, let us consider Rhodamine 6G. We will compare rare-earth doped nanoparticle to this reference system. The absorption and emission peaks are near λ exc = 532 nm and λ em = 560 nm, respectively. Figure 2 shows the local fluorescent enhancement for randomly oriented Rh6G molecules dispersed in polymethyl metacrylate (PMMA) near silver spherical particles. The maximum fluorescence enhancement occurs for dye molecules coupled to a 80 nm particle (Fig. 2a) . Such large silver bead support a dipolar plasmon about λ ≈ 500nm with a broad resonance width (and a quadrupolar mode at λ = 400 nm, see Fig.2c ). Therefore both excitation field and radiative rates are significantly enhanced by coupling to the dipolar mode. Meanwhile, the non-radiative rate remains limited due to bad coupling to high order modes that appear at lower wavelength (see also Fig. 1 ). Figure 2b ) presents the local enhancement factor calculated near a 80 nm silver sphere. It follows the particle dipolar mode profile, with a maximum enhancement α ≈ 18 slightly shifted from the incident polarisation axis [31, 39] .
Layer-and shell-average enhancement factor
Finally, the average enhancement factor of the whole doped volume V 0 can be numerically computed as
In case of spherical particles, it is also useful to define an average enhancement factor associated to a doped shell layer
Note that average and layer fluorescence enhancement factors are normalized with respect to the doped volume so that they do not depend on the RE concentration but rather characterize the SPP mediated fluorescence enhancement. Figure 3 shows the layer fluorescence enhancement α layer and the average fluorescence factor of the dye doped core-shell particle. The overall AEF ≈ 4 is optimized given the absorption and emission wavelengths of the dye molecule. This factor takes into account inhomogeneous excitation in the dipolar modes as well as the distance dependence of the emission rate.
Rare earth doped plasmonic core shell
In the previous section, we have introduced two important parameters in order to quantify plasmon/emitters interactions in a core-shell particle: layer-averaged enhancement factor α layer , and shell-averaged enhancement factor AEF. We have estimated maximum AEF ≈ 4 achievable for a Rh6G doped core-shell Ag@SiO 2 reference system. These factors will now allow us to characterize the effect of a metal nanoparticle on the luminescence of RE ions.
In this part, we study the luminescence enhancement for two rare earth ions used in different application domains: Eu 3+ used for example as biolabel for its emission in the visible spectrum and Er 3+ , as main active medium for amplification at the telecom wavelength 1.55 µm. Compared to the dye case, the situation could be rather different when considering rare earth ions fluorescence. Quantum efficiency of these emitters is close to unity, so plasmon resonance cannot much increase this factor. Lanthanide absorption, based on 4f transitions, in contrast, is very weak (around 10 −20 cm 2 ). Therefore, the strongest exaltation is expected when matching the lanthanide absorption wavelength with the dipolar plasmon resonance. Emission of lanthanide could be far from excitation wavelength and then probably not much influenced by plasmon phenomenon [40] contrary to previous section where the dye excitation and emission peaks were within the dipolar resonance.
Emission in the visible
First we consider Europium system: this rare earth ion, usually UV/blue excited, has a maximum emission around 620 nm and a quantum yield close to 1. Since their excitation corresponding to 5D0-7F2 transition is in the blue part of the visible spectrum, we have chosen to use silver for the nanoparticle core.
We investigate Eu 3+ /silver system in Fig. 4 , where rare earth ions (Eu 3+ ) are included in a dielectric shell and coupled to a silver bead. We consider a silica matrix of same index as PMMA so that direct comparison with the previous dye molecule case is possible. This luminescent doped core-shell Ag@SiO 2 particle can be chemically synthesized [14, 18, 20] . The excitation and emission wavelengths are λ exc = 415 nm and Table 1 . Comparison of excitation and emission rates modification calculated at the optimum distance for Rh6G and Eu 3+ doped silver core-shell. The local fluorescence enhancement is slightly below the product of excitation rate × apparent quantum yield since it obeys to Eq.5.
λ em = 620 nm, respectively, corresponding to f-f intra-configurational transitions. As previously, we first determine the size of the metal core that optimizes red luminescence of the europium ions. We find that the maximum local fluorescent enhancement (≈ 70) is obtained for a 30 nm silver core. We plot in Fig. 4a the map of the fluorescence exaltation achieved near the 30 nm silver sphere. This enhancement is mainly an improvement of absorption process: we have a strong exaltation of the excitation field resonant with the dipolar resonance of metal nanoparticle. Since the emission wavelength is far from all the particle resonances (see the extinction efficiency in Fig. 4c) , decay rates are practically not affected by the presence of the plasmonic nanostructure. Table 1 gathers the excitation and decay rates for dye-doped and RE-doped silver core-shell. For dye molecules, with small Stokes shifts, large particles leads to stronger effect since it corresponds to large resonances and coupling to the dipolar plasmon enhances both the excitation and radiative emission rates. Differently, particles with small metal cores are better candidates to enhance RE emission. This leads to a strong excitation rate increase that compensates the decrease of the apparent quantum yield.
By increasing metal nanoparticle size, we observe a second optimum size (100 nm) for which efficient exaltation of the europium fluorescent signal occurs (≈ 50) (Fig. 4b) . In this later case, the excitation field couples to the plasmon quadrupolar mode (λ = 415 nm) and radiative rate is also efficiently enhanced by coupling to the dipolar mode (λ ≈ 525 nm, Fig. 4c ). This leads to intermediate luminescence enhancement as compared to dye-doped system and dipolar assisted RE luminescence enhancement (see table 1 ). In addition, this possibility to enhance the excitation by coupling to the quadrupolar quadrupolar and emission by coupling to the dipolar resonance offers a supplementary degree of freedom for luminescence control. Having determined the optimal nanoparticle sizes in order to enhance red luminescent of a single Eu 3+ ion, we now estimate the enhancement of an infinitely thin doped shell. Figure 5 shows the evolution of the layer fluorescence enhancement α layer with distance between metal and emitters and the average fluorescence enhancement factor for the whole Eu 3+ doped shell for these two optimal sizes. For a metal core 30 nm and doped shell thickness of 25 nm, we achieve a strong AEF = 11. This high AEF relies on the strong field enhancement at the plasmon dipolar mode resonance. Quenching is limited to emitters very close to the metal surface. Finally, it is not possible to achieve fluorescence enhancement for these rare earth doped systems using a gold core (even optimizing the core diameter) since the gold particle dipolar resonance cannot be tuned to the Eu 3+ absorption peak λ = 415 nm (see Fig. 1 ).
Emission in the near infrared
3.2.1. Spherical core-shell particle Erbium ions (Er 3+ ) are widely used for optical amplification for telecom applications since they emit around λ em = 1.55 µm. We investigate the possibility to enhance their IR emission signal using core-shell configuration. In Erbium Doped Fiber Amplifier (EDFA), they are usually pumped at 800 or 980 nm wavelength in order to limit non radiative losses present with high energy pumping. We consider excitation wavelength λ exc = 800 nm and emission at λ em = 1.55 µm. We calculate a maximum enhancement of spherical core-shell doped with Er 3+ for a 130 nm metal core, either for Ag@SiO 2 or Au@SiO 2 . We find a maximum local enhancement up to 8.5(6.5) fold near a silver (gold) particle resulting from the excitation of the large dipolar resonance (see Fig. 6c ). Our simulation gives then an average enhancement factor of 2.3 (1.7) for the whole doped volume V 0 for a silver (gold) core coated with a 25 nm doped shell layer. This poor AEF is due to the position of excitation and emission wavelength of Er 3+ , both far from plasmon maximum. Since it is possible to red-shift the longitudinal dipolar plasmon resonance with nanoparticle presenting high aspect ratio, we propose to optimize the AEF with an elongated metal core.
3.2.2. Nanorod core-shell particle Spherical core-shell particles present limited AEF and imposes to use large particle in order to red shift the plasmon dipolar resonance to match the Er 3+ absorption spectrum. Another possibility is to use rod shape particle with high aspect ratio [12, 41, 42] . In this last section, we investigate core-shell nanorod and estimate the fluorescent enhancement [Eqs (4) and (6)]. In this goal, the excitation electric field E and emission rates Γ i need to be evaluated at any location in the doped layer. In case of arbitrary structure, they can be calculated thanks to the Green's dyad technique [43, 44, 45] . Liaw et al investigate similar structures using multiple multipole method [42] . However, they limit the computation to a plane (emitter orientation is constrained in 2 dimensions and only the doped layer inside the plane of incidence is considered). Since the highest fluorescence rate is obtained for these emitters positions and orientations, this leads to overestimate the enhancement factor of the whole doped layer. There work however paves the way to optimize the shape of the elongated coreshell particle. Figure 7 (a) represents the fluorescent enhancement near a silver nanorod. The aspect ratio of the rod has been fixed in order to match the particle resonance and the excitation field (λ exc = 800 nm). The volume of the nanorod is the same as for a 30 nm spherical particle so that the achieved enhancement factor can be compared to the visible regime (Fig. 4a) . The tip effect strengthens the field exaltation at the dipolar resonance and we observe a fluorescence enhancement up to 25 fold near the rod tip. Finally, we achieve an average enhancement factor AEF = 7 for the whole doped shell, comparable to the visible regime (Fig. 5 ). There is no improvement for a gold core (AEF = 1, Fig. 7b ) due to high losses. Nevertheless, we would like to mention that we use the dielectric constant of bulk metal although crystalline nanoparticles present lower losses. This could lead to small improvement of the enhancement factor.
Conclusion
In this work, we have quantified the plasmon contribution to the luminescence enhancement of rare earth doped metallic core-shell nanoparticles. This would therefore help in discriminating and then optimizing the different enhancement mechanisms that could play a role in rare-earth doped plasmonic core-shell particles.
The highest plasmon mediated enhancement is achieved when the particle dipolar resonance matches the excitation wavelength. The enhancement mainly comes from excitation rate exaltation by coupling to the dipolar mode whereas emission process is weakly modified. It is also possible to enhance the excitation by coupling to the quadrupolar plasmon and emission by coupling to the dipolar plasmon. This offers a supplementary degree of freedom for luminescence control. These results differ from dye-doped particles. Indeed, the small Stokes shift between emission and excitation wavelengths leads then to choose a particle resonance overlapping the two in order to enhance both excitation and radiative rates by coupling to the dipolar resonance.
We demonstrate average enhancement factor of the fluorescence on the overall REdoped silver nanoparticle AEF = 11 and AEF = 7 in the visible and near-infrared regime, respectively. Gold core leads to lower effect due to larger losses.
These values are similar to the AEF measured on RE-metal nanocluster system [15, 27] where the enhancement originates from energy transfer. Up to 250 fold enhancement has been reported but probably due to concentration effect [27] . We however envision different applications for RE-doped core-shell plasmonic particles and RE-metal nanoclusters. Colloidal solutions of plasmonic particles can be synthesized and would benefit as e.g biolabels or solar cells whereas RE-nanocluster doped glasses are promissing materials for telecom fiber amplification.
